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Modularity in Theory Graphs

@ Large theory graphs successful in

e algebraic specification languages
e deduction systems

@ Modularity essential at large scale
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Meta-Programming with Diagram Operators

Magma* Magma™
Quasigroup™ Semigroup* Quasigroup™ Semigroup™
\[ \[ make additive \[ £
Loop* Monoid* Loop™ Monoid"
Group* Group™
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Meta-Programming with Diagram Operators

Magma* Magma™
Quasigroup™ Semigroup* Quasigroup™ Semigroup™
l i make additive i £
Loop* Monoid* Loop™ Monoid"
Group* Group™
MagmaHierarchy := DIAG(Magma, Quasigroup, D)
AdditiveMagmas = makeAdditive(MagmaHierarchy)
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Spectrum of Diagram Operators

o fixed theory operators [casl_syntactic__theory_functors; Vos+13;

CO12]
inclusions, colimits etc.
@ operators to form named diagrams [Mos+13]
S union T, net remove T
@ extended to user-programmable diagram operators [SR19]
AdditiveMagmas := makeAdditive(MagmaHierarchy)
~ Diag — Diag
@ ..in a structured and modularity-preserving way this talk

~ subclasses of Diag — Diag
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OMDoc/MMT Language

Syntax

Diag == (Thy| View)"

Thy == T = {Decl"}
Decl == c¢: A[= A]

View = v: S — T = {Ass"}
Ass = c:=A
A = type|c|z|AA| A=A |

Az:A A | Tz:A A
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OMDoc/MMT Language

Syntax Semantics

. Category Thy with
Diag == (Thy| View) @ objects being well-typed flat
Thy == T = {Decl"} theories
Decl == c¢: A[= 4] .

(c: Al= A])
View = v: S — T = {Ass"} . .
Ass = ci= A @ morphisms being well-typed
flat views
A = type|c|z|AA| A=A |
AziA. A | z:A. A (c:=A)"
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OMDoc/MMT Language

Syntax Semantics

Category Thy with

Diag == (Thy| View) @ objects being well-typed flat

Thy = T = {Decl’} theories

Decl == c¢: A[=A]| include T

Vi = S —->T={A :
tew v {Ass '} @ morphisms being well-typed

Ass == c¢:=A| include v
flat views
A n= type|c|ax| AA| A=A |
AziA. A | z:A. A (c:=A)"

Flattening - from syntax to semantics
e.g. (S = {include T,c,d,e})’ =T"U{c,d, e}
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Operators in Detail

Definition

A syntactic diagram operator is a partial function Diag — Diag.
A flat diagram operator is a partial functor A: Thy — Thy.
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Operators in Detail

Definition

A syntactic diagram operator is a partial function Diag — Diag.
A flat diagram operator is a partial functor A: Thy — Thy.

Definition

For a theory T' we denote the subcategory of T-extensions by Thy”.
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Operators in Detail

Definition

A syntactic diagram operator is a partial function Diag — Diag.
A flat diagram operator is a partial functor A: Thy — Thy.

Definition
For a theory T' we denote the subcategory of T-extensions by Thy”.

Example (Pushout)

For a view m: S — T we have P, : Thy® — Thy”
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Pushout on Flat Theories
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Pushout on Flat Theories

_m

mA

—— P

B W

A

T
all declarations of T'

forallc: E[=¢]in A S:

¢ mA(E) [= mA(c)]

mA:C'_){m(c) ceS

c else
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Pushout on Flat Theories

f

all declarations of T'

A

and

forallc: E[=¢]in A S:

¢ mA(E) [= mA(c)]

mA:C'_){m(c) ceS

c else

= P, works declaration-wise; it is sublinear
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Pushout on Syntactic Diagrams

Elem

{E : type }
Lists Trees
include Elem include Elem
L: type deg T : type
cons: & = L — L leaf: &€ - T
bin: T =T =T

)

SearchTree
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Pushout on Syntactic Diagrams

m

Elem » Nat
€=y
{E: type } {[N: type, ... }
Lists Trees
include Elem include Elem
£: type deg T : type
cons: & = L — L leaf: &€ - T

bin: T - T —T

)

SearchTree
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Pushout on Syntactic Diagrams

m

Elem » Nat
€=y
{E: type } {[N: type, ... }
Lists Trees P, Lists P, Trees
include Elem include Elem include Nat include Nat
£: type cgg T : type £: type P, deg T : type
cons: £ L — L leaf: & =T cons: N — £ — £ leaf: N — T
bin: T =T =T bin: T - T - T
SearchTree P,,SearchTree

= P, is include-preserving

3
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Properties of P,

Goal: Identify useful properties of flat operators
e.g. to lift their definitions to syntax

Overview: P, is
o functorial
@ sublinear
@ include-preserving

@ homogeneous
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Sublinearity

We call A sublinear if there is a partial function A_(—) such that for
every theory ¥ and declaration D as well as view o and assignment a:

A%, D) = A(%), Ax(D)
A(o,a) = A(o), A (a).

Upon existence, we call A_(—) the context-aware action of A.

Sublinear operators

@ uniquely determine A_(—),
e and are uniquely determined by A(&) and A_(—).
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Sublinearity of P,

P is sublinear with

m
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Sublinearity of P,

P is sublinear with

m

Specification

“Let P, be the sublinear operator with A(@) = ... and Ap(c) = ..."
Implementation

def transformDeclaration(declaration: Declaration, ctx:

HelperContext): List[Declaration]
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Include Preservation

Definition

We call A include-preserving if

SCT= AS)
o CY = Ap)

P, is include-preserving.
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Include Preservation

Definition

We call A include-preserving if

SCT= AS)
o CY = Ap)

P, is include-preserving.
Operators are sublinear iff. include-preserving.

Implementation: Take sublinear specification and lift to syntax with
inclusions
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Semantics-Preserving Lifting

Theorem (lifting preserves semantics)

Let A be a sublinear operator and define its lifting A via

- include S, ..., S, include 57, ..., S5,
A|lT= N
Cyy ey Cp,

Agy s, (c) v sCn)

rn

and analogously for views and entire diagrams. Then

Diag *A> Diag
b b
bl
Thy —— Thy

commutes.
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More Examples

@ CHURCH To CURRY

Convert Church type theories

X _ ttp —tp = ip
() :{A,B}tm A—tm B—tm AXx B

to their Curry equivalents:

X _ tip —tp —ip

() i tm — tm — tm
)" :{A Bya:tmb:tm}a :: A—b: B— (a,b) = (AxB)
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Case Study: CHURCH To CURRY in LATIN2

nanespace lotin:/ expand: 9,0,urth 8 x 03 (us,n) Ircluse tsgendertunctiontoes | coreutez © (8,0,0:tm Abitn O} F (3,002 ¢
fhmets sl e luce Mpedaality ol role sty
theory SlapleFrofuct Tupes = theory Dependentrroductstioan deolombdn: (4,81 ({x: th A} tn 8 ) = tn T
Ineluge Tuces dnclue Toependentrraiet B¢ 3 prec 4ol theary DependentProduct Types =
Singprod 19— to = to 14 1= 2 prec 501 evpands (4,8, urtn Z0ctn 0] 8 ) b () + deoomply: (A,05 tn 1B — D tn &) tnox |4 rctude Trapederns
theory SiapleProdi .’ 384 recsol deporod 1 {8 (0 — t9) — 118 7 2 prec
ncluge m,,.mmwnu b sitstroctsentensonality - deobeta (8,853 (st A} tn B, X3 b F) 8 wl
Include Tupe \ oy Sl sty < Cenl [ ——
Sieori ) s = Ao le3 erten: (8,0.0,0¢tn A % 0} akus — | uaivs — sireorod = [8,8) 2 (x: tn o) 81

theary SispleFunct onseta
include 1sinpleFunctions |

rec 501
Sisoplt : {,5] ta A x5~ tn Al 3y prec

" b o entros st i cta: (R8P A ) b OB F e f ] ey pepndertrocts <
« ey bt ' -
Sisoniz ¢ (5} 0 A<= tnB1¥ 32 prec nclue oependentrroic theory SispleFunctonsExtensionality = nclue Tpecquality]
. chent as aeom E0sen 8 81 15 b el i Cclute TTranssort
I e, 3t tmBa = tnzalas,

edten: (.5,5:48 0+ 0 (04 F o

av —

comuter ¢ (A,0,3:4m A5t 8 | (a,bs

S s sl
[]

e Sl ey Sirpletunctonruges .
i e b e s nclude Tupes | theory SirpleprocuctsEogand =
Sinetin 15—t — ta|# 1 5 2 orec 501 “nclude 7Sirplerroducts |
blrole smuhwl KRR al expend: (A,8,uttn A x B} b (us,02) 20
ey ersntreioes thecry Dependentunct onTupe: e ool ey e s <
dnclude 7TypedTeras include ?TypeaTerns | flxmeta ur pendentProducts |
curo ¢ (] (a0 19 = 011 3 2 e depfun : 18] (tn & — tp) theoy SiopterrauctTies oty sttt JRTN
P realize “simlerunct ionruses | Incluge 7Types (S
realize 75imoleProductTupes | simofun = (8,61 1 [x: tm Al 61 sinpprod : tp — o — tp|# 1% 2 prec 50
i @01 7 b nel 0l .
£ theory Sirolerrasuctsextens onal ey =
theory simplerunctions. theory Sispleprotucts = mchﬂe"‘%mﬂ?rrnﬂun«s !
include 7sirplerunct iontyoes | Incluge. 75Amnle?vuaumwnesl e aeaoerin A B1 b Ut — b Uit —
theory bepeenteroscts incluse “Tupeckousity | Incluse pedtoe
include DependentProduct Tyoes | simplanbda: {A,B} (ta A — tn8) —~tmA-Bl#r sinopair: (6,8} tm » ~me—tmAxBle3, hu
hoceeilamioorady A3 orec dol 4 prec 501 ey e stemionnity
e el tales Slmasplis 16,85 tn <5 = = tnels 3 Sisopis - (A8} ta 8= tn A1 34 prec e
(_; . I‘ N @ 4 prec 50 sl ex 18,8, Ihetm Al B %) {p: b uaivi}
aorec 50 Sispbets ¢ 855 tn 8 tn 8, 4 F D) 8 Siogpiz ¢ (8,55 tn x5 — B85 2 pre [ G —————Y
sexl ]
theory sisplepructsEipand =
e Simtere oo\ rers sl =
heory veperentrunct ons = coputer © (8,8,0tn 8,650 8 F (0,612 “ncluge Tres |

alrole suelity|

@ Before:

e 180 LOC for Church and Curry
e manually kept in sync, in fact Curry was out-of-sync
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Case Study: CHURCH To CURRY in LATIN2

naespace latin:/ I
Fameta ure

Incluce Tiupes
prod : 19— tp = ol # 12 prec 01

theory Sispleprotucts =
incloe TSlolebrodct Toes |
incluce Trupedegual e
St 01 tu s~ wansles,
4 pree 5ol
Y 086 tm A8 = n LNy prec

et

Staoplz : (4,8 a8 = tnB143: prec
el
computer : (A,8,2:tn Ab:tn B} F (ab) ¢
mm suoiitl
Comuts? ¢ {A,0,3:tn #,b:tn 6 F (a,blz +

e oot

theary DependentProdctTaes
cluge upederss |
deoprod ¢ 18] (tm A = tp) — tp 14 T 2 prec

ol

Lize 7sinpleproductTupes |
Cinnrod = (301 5 et 1n ) 01
[]

ey senienrrodicts
Dependenterocuct Tuoes |
aties |

depoair: (8, 3 ) mBa—mIoles,
4 orec sol

@ Before:

]

theory SimpleProductsexpand =
incluis Simletrocts
expont: (A,8,u7tn A< 8] (usus)

irry opedenrosictsboars
inclLude ependentrroducts |
{80, uitn Thectn 81 B 53 (usue)

theory Siipleroductsextens ol 1ty =
incluge 7sirpleProsucts
R

ey ettt sttersonmity =
clude ”nrn!nd!mPrnﬂuusl
s 0, m 5 ) (o
bt g ®
]

e ol
theory SiipleFunct onTupes =

—tple 1z 2 orec ol
test = faitpl 3+ 2= al

ey seenientructnipes =

tol#n2prec 0l
realize 7sirplerunct tonTuoes |
sirfun = (.8 1 Gt 2) 81

iy cirplairctons
e Tsivglerunctiontioes |
ncluse e itl
Siplarbida: (5,6} (156~ tn©) — tna<ls
A9 e a0l

Stagapoly: (8} tn A8 — tnh—nnle3

Fitng = ne, xR 6

theary bependentrunctions

incluse 2ependentrunct ionTupes |

include 7ypedeauality |

g ) G e ee
3 orec 40l
ool oy 1B = bt tn ot o x In
384 prec ol

A
XiFx
theory SispleFunct onseta

include 1sinoleFunctions |
etor (R8P 0 b (0 F e s F]

theory SispleFunct lonsExtensionality =
rcloe tsbslerocticn |

8

nanespace Lotini/
faeta uirr
trery wm edbrodcts =
inc m, 750t Tupedequatity |
ern — tern — el # 1, 2

orec 0l

e 180 LOC for Church and Curry
e manually kept in sync, in fact Curry was out-of-sync
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DL & tern — ternl # 1 4 prec 6

pi2 ¢ tern — temml # 1 ; orec 69 |

coneuten ¢ (2,01 + (2,01 £ o | role sinelifu |
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inclute 7Sof TupedProdct
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fun_tuplne  (8,0,3,00 F 3t — b 630 3) = b
[SEETTI]

theory Sof TupedPraductsEspand =
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expand: [0} b (s
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Funct on

cluge 7Teras |
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wleniz
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)
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Case Study: CHURCH

nanespace latin:/ I
Fmeta urLe
theary SispleProdctTupes =

nclu Tges |

4 1o o= tple 1 2 prec 50

theory Siplerroducts =

include S inpleProductTypes |

include Tupedeaualics |

stropalr

4 orec 5ol
Slipl ¢ (R0 a8 = tnal#d s prec

wl
Stwopi ¢ (8,0 tn A <8 = B 1A 32 prec
wl

comten © (0,80100 4,050 81 1 (00s &
alrole simplifyl
Aty PR
bl role simolifyl
e et s =
Include 7TuoedTerns |
depprod : {A} (tm A — tp) — tp | # I 2 prec
S
[nirsu——
Tt = o T b tn ) o1
"

theory Dependentprodu
mioes |

depoairs (6,8, 3 tn ) tmBa— mInles

S e sl

o Before:

(8 tah— tms = tnAxElsa,

theory slpleroductsexpend =
include 7sirpleprovucts |
expand: (8,6,u1tn < 8) b (usue) 2 ul

[l

theory DependentproductsEsgand =
Inclute 7oependentproducts |
evpant: (8, uitn Tlecen Al B ) b (n,ua) &

theory SimpleProductsextensional ity =
clude Sirpleprosucts |

B e = bt

theory DependentproductsExtensonality =
Inclute 7oependentProducts
e (8,8,0,0:n Theitn A B 6} (05 b ussu)
Fuat(o congTo B)ive — b uev |

theory Siplefunct onTupes =
e

sirofun < 19— tp = tpl# 1 5= 2 prec 53
test = (artol @ o=
]

theor Dependentrunct Lonuges =
Inclue 7Tupeserne |
depfun ¢ ) (tm.8 — tp) — tp | ¥ 12 prec 40
realize 7sinplefunctionTupes |
Sirpfun = (0,81 1 L tn 4] 81

theory Siplefunctions =
inclue 7sirplefunct ionTupes |
inclute 7Typecequality |
Sliglostia: (4,8} (ta A — tn8) = ma-5ls
23 peec a0l

To CURRY in LATIN2

Stmgapely: (8,8 tn 8B = tnA = n8le 3

8 4 prec 51
Sinebeta ¢ (8,8,7+ tn A — tnd, X} b (F) %
sexl

364 e sol
deeta ¢ (8,8,F1bxitn ) t B, K F L)

S xeext
[}

theory stsplerunct lonsEta =
iclude 7SiapleFunctions |
eta: (0B Fin A B OB F 80 2 F]
theory Stsplefunct fonsextensional ity =
erunctions |
Gitn f 0] (0} PR S G =

e 180 LOC for Church and Curry

e manually kept in sync, in fact Curry was out-of-sync

o After: 120 LOC, consistent knowledge
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More Examples (cont.)

o TyprIFYy FoL

Convert declarations of V3... from FOL

v : (tm — prop) — prop
vI : {P: tm — prop}({z: tm} + Px) -+ VP
to SFOL:
v : {A: tp} (tm A — prop) — prop
vI : {A:tp,P: tm A — prop}({z: tm A} Pz) -F VP
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Case Study: TyPIiry FoL in LATIN2

nanespace latin:/ I
Fimeta v
theary Universalasant if cation =

incluce Tuntpecogic

forall : (tern — prop) — prop |4 ¥ 1148 ¥ 1

21

theary Universalauant if cat londI =
include Wniversalauantification |
forallT 5 (7} ((x) b (P)) = b ¥ Pl

trory st ot <
nchde nivrsatames et
e TRV M2 sorene
S sl rote Forusearute |

theory Universalauant 1f cat oo
oehue oot tcot o
Incluse Tunkversalauant ficat om0z |

theory Existent lalauant ficatlon
inclse Tntpsonte |
exlsts + (term
0

o)~ ronle3 1l 3wt

theory Extstent falauant Lt icat oot =
Ineluge Texistent Lalasent 1 Lcation |
arleeastsresl
theory Extstent ialauant L icat onwoe =
incluie TEstonlaenitction]
g e R EE
e s
S i ]

theary Extstent lalauant f Lcat Lonko
Incluse

inclute 712 |
include 7Equality |
include 7niversalauent 1 cat on |

Include 7existent lolauant ¢ Lcation |

theory TFoLEQID =

incluse

[]
theory
et ool el Tttt son ol et

) b ban— Ex— b e

7 53,01 existsT x sl x
s £ nF Oy A E o b = b

Cl= (0F.00,0) b existse
S ¢ ot (¢ i |
[}

e

include 7170L |

theory oLt

ol
ncie eaalini!

theory FoLEaID

inclute 7qualityo |

thory seuizsani sl inon
ws |

to = (tera = prop) = prop
e v wn e p ey 12l

= Tevistent ialauant 4 cat on]
m(luds ol
existstiniaue : (tern — prop) — prop | ¥ 3+

theary UnigueExdstent ialauant 1 cat iont0 =

theory Exlstent s lausnt fLcat ora0E =
inclue 7existentlala

Cglstse POl b3E
—icls

3 eutsts 4 | role

> etminationaule |

]

theory Existent 1auent ificat ook =
nclude 7ExistentialQuant 1 icationto! |
include 7existentlalguant f icat iontoe |

incluse
g T
9 = b3t P14 exdstatniower 3451
qxsrsunmue[ R
bxzp—ro—bcles

< e 511

nenespace lotin:/ I
faeta vrnr
theory Universalavant if caton =

incluce TuntupenLogic
Broo) — prop L2 v 11 9m v 1

theory

Incluge 7Existent lalauant 1f icat lonle |

[]
theary 1
incluse 7170 |
include niversalauantification |
include Texistenttalauant 1 ication |

theary tFoL

include Tniversalauent feat oo |
Incluse Texistent ialavant 1 Lcat lonad |

theory TFOLE

@ Before:

include
inclute 7FOLEDD
foralll + 4,7} () bt = b F 30 = b ¥ &
F1= 1,F,P) foralll 14 irpt bl # el
rforallE ¢ {R.F H A F
#= (0 008) 0 faralle ¥ Lok xa |

iy Flatlzsdistrtaauntilcation
el Tuftmgeaters |

Include 77t

roists 1 10 tterm = srom = prep

S A aarxle s szl
]

theory RelatlulzedExlstent alauant 1 lat oD

lue 1
forallt 5 (1) (0 b (F) = e el
theary Universaluuent 1f cat lonDE

cluge niversalauant i ication |

foralle ¢ (P4 b it
31 role Forusrahule |

2 foralle

theary Universalusent 1f catlond =
iclude 7Universalduant 1 icat ionhoE |
include 2niversalauant1ficat o0

theary Existentlalauent fication =
include 2ntupedtogic |
exists : (tern — prop) — prop |43 1147 3 V1

21

e 170 LOC for FOL and SFOL

e manually kept in sync
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include 7Existentlalouant f ication |

theory TF0LND
include 7170 |
Include 717010 |
Lue universalaant 1 icatlono |
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More Examples (cont.)

General: CoMPOSE, UNION, ABSTRACTDECL, ..
Algebra:

@ ADDITIVE, MULTIPLICATIVE

o HOMOMORPHISMS

@ SUBSTRUCTURES

o QUOTIENTS

e ProDUCTS

Logic:
@ POLYMORPHIFY
o KRIPKEFY
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Conclusion: Foster Modularity by Meta-Programming

@ Diagram operators serve as meta-programming facilities

o to lessen redundancy
e to increase consistency

o Classifying diagram operators eases
e specification
e implementation
@ Semantics-preserving lifting ensures applicability on real-world theory
graphs
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