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Motivation: Logics in Theory Graphs

Goal: Formalize logics in a reusable and modular way
@ Use logical frameworks to formalize logics into theories eg. LF

@ Use inclusions to structure theories into a theory graph

Example:
PL
UntypedLogic TypedLogic
FOL TFOL
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Motivation: Logics in Theory Graphs

Goal: Formalize logics in a reusable and modular way

@ Use logical frameworks to formalize logics into theories

eg. LF

@ Use inclusions to structure theories into a theory graph

Example:
PL
UntypedLogic TypedLogic
FOL TFOL
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prop : type

I : prop — type
PL — prop yp

- : prop — prop

A,V,= : prop — prop — prop
include PL}

UntypedLogic =
P & {tm : type
include PL

: type
tm : tp — type

TypedLogic = < tp
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Example Problem

Untyped variant
PL

[

UntypedLogic

v \3
7N N
vI 3
N7 N

VE 3I E

VND IND

"

FOLND
v : (tm — prop) — prop

vI :IIP: tm — prop.
(IIz: tm. - Px) >+ VP
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Typed Variant
PL

[

TypedLogic

/

/>
vl
S

vI’ vE'  3I

EI/

e N
JE’

N AV

/ 3

VND
TFOLND
v/ :IIS: tp. (tmS — prop) — prop

VI’ :IIS:tp. IIP: tmS — prop.
(IIz:tmS. F Pz) -V SP
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Example Problem

Untyped variant Typed Variant
PL PL
UntypedLogic TypedLogic
e ~ 3 e ~~ ¥
vI vVE dI JE VI’ vE/ 3I’ 3E’
N7 N7 N N
VND 3ND WND’ I’
FOLND TFOLND
v : (tm — prop) — prop v/ : I1S: tp. (tm S — prop) — prop
VI :IIP: tm — prop. VI’ :IIS:tp. IIP: tmS — prop.
(IIz: tm. - Px) >+ VP (IIz:tmS. F Pz) -V SP

Problem: syntactic redundancy that is not expressible in logical framework
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Inevitable Redundancies

Usually module systems good at

@ reusing expressions
definitions
@ reusing theories

inclusions

@ transporting across compositional translations

Coq functors, MMT morphisms

However no elegant methods for anything non-compositional

even if just minor syntactic changes
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Computing Theories

Goal: preserve diagrams, includes, well-typedness, names

Solution Space:
@ Where/how does the computation happen?

@ How much computation do we allow?
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Computing Theories

Goal: preserve diagrams, includes, well-typedness, names

Solution Space:
@ Where/how does the computation happen?
e in framework via novel abstraction mechanism
ideal, but don't know how
e in framework via reflection
possible, but requires programming extension
e outside via preprocessor/plugin
our approach

@ How much computation do we allow?
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Computing Theories

Goal: preserve diagrams, includes, well-typedness, names

Solution Space:
@ Where/how does the computation happen?
e in framework via novel abstraction mechanism
ideal, but don't know how
e in framework via reflection
possible, but requires programming extension
e outside via preprocessor/plugin
our approach
@ How much computation do we allow?
e Turing-complete, arbitrary AST manipulation
makes meta-theory difficult

e sweet spot?
our goal

e purely compositional, e.g. pushouts
not expressive enough
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MwMT/LF Syntax

A module system over LF:

Diag == Thy structured diagrams
Thy == T = {Decl"} theories
Decl == ¢: A[=A4]| include T declarations
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MwMT/LF Syntax

A module system over LF:

Diag == Thy

Thy == T = {Decl"}

Decl == ¢: A[=A4]| include T
A n=  type|c|x|AA| A=A

Ar:A. A | TIx:A A
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MwMT/LF Syntax

A module system over LF:

Diag = (Thy| O(T"))"

Thy == T = {Decl"}

Decl == ¢: A[=A]| include T
A n=  type|c|x|AA| A=A

Ar:A. A | TIx:A A

where O names a diagram operator
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MwMT/LF Syntax

A module system over LF:

Diag = (Thy| O(T"))"

Thy == T = {Decl"}

Decl == ¢: A[=A]| include T
A n=  type|c|x|AA| A=A

Ar:A. A | TIx:A A

where O names a diagram operator
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MwMT/LF Syntax

A module system over LF:

Diag == (Thy| O(T*))* structured diagrams
Thy == T = {Decl"} theories

Decl == ¢: A[=A]| include T declarations

A n=  type|c|x|AA|A=A|  terms

Ar:A. A | TIx:A A

where O names a diagram operator

End goal: specify class of operators on flat theories and lift
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MwMT/LF Semantics

Semantics given by flat theories

Interpretation given by flattening —” eliminating includes

@ on diagrams:

b
(T = {2}, D) = (T = {¥}, D)

@ on theories:

.b = @
(c: A[= A, %) == {c: A[= AU’
(include S,%) := S U’

= Results in plain LF theories
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Main Definition

Definition (Linear Diagram Operator)

For theories S, T', we call a partial function

O: flat theories — flat theories
linear from S to T if

@ it maps S-extensions to T-extensions, O(S) =T,
@ declaration-wise,

O(S,X,c: Al=al]) = 0(S,X), Ax(c: A[=al)

for some function A_(—).
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Main Definition

Definition (Linear Diagram Operator)

For theories S, T', we call a partial function

O: flat theories — flat theories
linear from S to T if

@ it maps S-extensions to T-extensions, O(S) =T,
@ declaration-wise,

O(S,X,c: Al=al]) = 0(S,X), Ax(c: A[=al)

for some function A_(—).

e A_(—) may map a single declaration to multiple

e A_(—) uniquely determined by O upon existence
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Our Example as a Linear Operator

Situation: we identified the following redundancies:

v : (tm — prop) — prop v/ :IIS: tp. (tmS — prop) — prop
vI  :IIP:tm — prop. VI’ :T11S:tp. [IP: tmnS — prop.
(Iz: tm. F Pxz) 5k YP (Mz: tnS. F Px) 5+ Y SP
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Our Example as a Linear Operator
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VI :IIP:tm— prop. I#) VI’ :T11S:tp. [IP: tmnS — prop.
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Our Example as a Linear Operator

Situation: we identified the following redundancies:

v : (tm — prop) — prop A v/ :IIS: tp. (tmS — prop) — prop
VI :IIP:tm— prop. I#) VI’ :T11S:tp. [IP: tmnS — prop.
(Iz: tm. F Pxz) 5k YP (Mz: tnS. F Px) 5+ Y SP

ldea: Ay (c: A[= a]) obtained by
© adding IT.S': tp to type, AS: tp to definiens
@ replacing tm by tm S
© replacing any d € X by d S
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Our Example as a Linear Operator

Situation: we identified the following redundancies:

v : (tm — prop) — prop A v/ :IIS: tp. (tmS — prop) — prop
VI :IIP:tm— prop. I#) VI’ :T11S:tp. [IP: tmnS — prop.
(Ilz: tm. - Px) >k VP (Hz: tnS. - Px) »+ Y SP
I ) linear O I i
Untypedlogic -----------------3 > TypedLogic

ldea: Ay (c: A[= a]) obtained by
© adding IT.S': tp to type, AS: tp to definiens
@ replacing tm by tm S
© replacing any d € X by d S
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Lifting

Definition (Lifting)

Given a linear operator O and a renaming function O, define its lifting
O(—) to diagrams...

@ ..on diagrams D element-wise
o ..on theories T'= {X} in D by transforming them to
0,(T) ={O(X)} where
o) = -
O(%, ¢: A[=a]) = O(%), Ag(c: A[=a))
O(%, include S) = O(Y), include O,.(95).
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Semantics Preservation

Theorem (Semantics Preservation)

Let D be a well-formed diagram and O the lifting of a linear operator.
Then

© O(D) is a well-formed diagram,
@ and lifting commutes with flattening:

O(D’) = O(D)’.
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Implementation in the MMT System

o ldeally specify operators within LF, benefit from typechecking
impossible in pure LF
@ Practically use MMT's computation rules
@ Load external computation rule...

theory Operators = §
constant TYPIFY
rule code.scala.typify

H

@ ..that was given in underlying programming language...

object Typify extends LinearOperator {
def rename(name: String): String = "Typed" + name

def apply(sigma: List[Declaration], decl: Declaration): List[Declaration] = {
/7 add "S: tp" hinding
/7 replace "tm" by "tm 5"
/7 replace "d" in sigma by "d 5"

H

© ..and use as macro.

fol := Diagram(¥,¥I,¥E,¥ND,3,3I,3E,3ND,FOLND)
diagram tfol := TYPIFY fol
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Our Running Example in Practice

nanespace latin:/ I
Fimeta v
theary Universalasant if cation =

incluce Tuntpecogic

forall : (tern — prop) — prop |4 ¥ 1148 ¥ 1

21

theary Universalauant if cat londI =
include Wniversalauantification |
foralll : (7} (b P x) = b YRl
[]

trory st ot <
nchde nivrsatames et
ot T 2 ot
S sl rote Forusearute |

theory Universalauant 1f cat oo
oehue oot tcot o
Incluse Tunkversalauant ficat om0z |

ey Ecstontalountfction
inchuse npedonic |
exlsts + (term
0

o)~ ronle3 1l 3wt

theory Extstent falauant Lt icat oot =
Ineluge Texistent Lalasent 1 Lcation |
arleeastsresl

theory Extstent ialauant L icat onwoe =
Incluge Texlstent lalaent 5 cat oo |
e N ]

— 183 existse ¢ [ role

> Eliminationule |

inclute 712 |

include 7Equality |

include 7niversalauent 1 cat on |
Include 7existent lolauant ¢ Lcation |

theory TFoLEQID =
Inclue 717LEa |
Include 717010 |
inclute 7Eaualituto |
include 7niversalauant ifcationd |
include

incluse

[]
theory
ncte izl “nclute rexstent ket ication |
o Cuistst (P E e Kt 3P Lnedstst 2 3]

L L )
o nissi v
(o0 b

b extstse

c el ra

| \ F.C0.
S ¢ ot (¢ i |
[}

e

include 7170L |

theory oLt

ol
ncie eaalini!

theory FoLEaID

inclute 7qualityo |

thory seuizsani sl inon
ws |

to = (tera = prop) = prop
e v wn e p ey 12l

= Tevistent ialauant 4 cat on]
m(luds ol
existstiniaue : (tern — prop) — prop | ¥ 3+

theary UnigueExdstent ialauant 1 cat iont0 =

theory Exlstent s lausnt fLcat ora0E =

&
L&R
3
7

3 eutsts 4 | role

cle
S Elininationfule |

]

theory Existent 1auent ificat ook =
nclude 7ExistentialQuant 1 icationto! |
include 7existentlalguant f icat iontoe |

incluse
g T
9 = b3t P14 exdstatniower 3451

qxsrsunmue[ R
— by o —bcles

kP
= g).g.;ummz sil
]

nenespace lotin:/ I
faeta vrnr
theory Universalavant if caton =

clude Lo
Broo) — prop L2 v 11 9m v 1

theory

theary Extstent lalauant f Lcat Lonko
Incluse 1
incluse Texistent alaant 1 cat londe |
theary TFOL
Incluse 7irL |
include niversalauantification |
include Texistenttalauant 1 ication |

thears

include Tniversalauent feat oo |
Incluse Texistent ialavant 1 Lcat lonad |

theory TFOLE

Before: manually kept in sync, in fact TFOL was out-of-sync

include
inclute 7FOLEDD
foralll + 4,7} () bt = b F 30 = b ¥ &
F1= 1,F,P) foralll 14 irpt bl # el
rforallE ¢ {R.F H A F
#= (0 008) 0 faralle ¥ Lok xa |

iy Flatlzsdistrtaauntilcation
el Tuftmgeaters |
include 7
roists 1 10 tterm = srom = prep
S A aarxle s szl

theory Relat ivizedexistent alasont i at oD
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lue 1
forallt 5 (1) (0 b (F) = e el

theary Universaluuent 1f cat lonDE
luce Tuniversalauant ¢ ication |
foralle © (P4) F Y = b (P 0) 18 2 foralle
31 role Forusrahule |
theary Universalusent 1f catlond =

include 2niversalauantificat onot |
include 2niversalauant1ficat o0

theary Existentlalauent fication =
include 2ntupedtogic |
exists : (tern — prop) — prop |43 1147 3 V1

21
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include 7Existentlalouant f ication |

theory TF0LND
include 7170 |
Include 717LD
e 7undversalguent £ catLonno |
include 7xistent lolauant ficatfonko |

<heory TFOLED
Include 17|
include 7Ecuality |
include 7niversalauant ifcation |
include 7Existentlalauant ficat fon |

theory TF0LERID
include 7170LEQ
include 71730 |
include 7Equalitue
include 7niversalasant ifcat lonio |
include 7xistent lalauant ificat fonk0 |

]

theory FoL =
include 7L 1
inclue 71701 1

theory FLO
include 70|
include 77,
include 71700 |

theory FoLEQ
include 70|
nclue Equality |
[

theary F
el e
incluce 7o |
el Teaiesol

ey et iuzntuersalaanification =
incle 7Tt
Incluse
"o term = ooy — srop 1+
> e voa wa s pxlew 1zl
theary Relat lyizedun versalaent 1 cat orhD =
inelie latiizeimvrsaltantiscation |
ol
e T

() farlis 1) b vl )
oF L

-
rforalle : {F)

theary Relativizedexistent ialauant ificaton =
include T50ftTypedern |
include FOLE
rexists : tp — (tern — prop) — orop | =
S R 30 wa A xle 12
ey Felatlvasdistntialaantficat o =
Inc1us
L —
ircse ozl
POMISEST ¢ (AR} B bR — b Fx— b3 A

LRSS
T L GCIEL L Ll

) 1= (07,0081 p existse
S o o sl @ ok |

theary UniaueExdstent ialuant L cat on
Ineluse Texistent Lalauent 1 Lcat lon
include TEauslit
existstniaue : (term — proo) — orop | ¥ 3¢

"
theory uniaueexistent falauant Lf icat onmo
include Nniqueexistent ialauant ification |
extstsuniauel : (P} (6] F P X~ ({u} b Py =
Pty =3P e exstsinlaue 3 451
istsuniouet  [PC) b 3P~ ((x} P
G kPy—bxsu o = boles
> existstniaue 51 1
[]
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Our Running Example in Practice

nanespace latin:/ I
Fimeta o
theary Universaluuent ficatlon
incluse 7untupedLogic
k Cterm — prop) — prop 19 % 11 ar ¥ v1

21

theary universaluuent if cat londI =
incluse 2niversalauantf ication
foralll = (7} (0} b (Px)) — b ¥ Pl

theary Universalauent if cat lonhlE =
include 2Wniversalauantification |
foralle : (e} b b P 142 foratie
31 role Forusrdhule |

theary Universalauant ificat om0
i lude 7Unversalduant i icat iorh0E |
include 7niversalauant it Leat om0t |

theary Existentfalauant fication =
incluse ntwedtsic |
exists ¢ (teen —

21

Sroo) — sron 143 119 301

[
theory Existent falauant L icatLorho1 =

include Textstent Lalauent 1 Lcation |
QT £ P K= 3 H e 230

theery Existent alcuan i ot o
irclue "t o Hicattond
st (80 F 3P (b F ) = b O)
€145 exstse 4| rote
S5 clnioame]

theory Extstent lalauant ¢ icat Lok
Ineluge Textstent lalasant 1 eat oo |
Incluse Texistent ialavant 1 cat londe |

theory TFOL
Ineluge 7inL |

Before: manually kept in sync, in fact TFOL was out-of-sync

include 2niversalauant ifcaton |
include 7Existentlalauant fication |

theory TF0LND
incluse 770, |
inclute 7I7LID
inclute 7niversalauant i cat lon |

e et ilanificotione |

theory TF0LEa =
include 717
include TEauality
inclute 7niversalauant ifcation |
include 7xistentialauant fication |

theory TFoLEWD =
include 7Equalitu

nclute 7universalauant L cat lono |
Inclue 7existent lolauant f Lcationko |

theory
nclude 71
Include 7170, |

theory FoL0
Include 7701
include 7LD |
inclute 717010 |

include 7Equality |

theory FoLE@ID
include 770LEa |
inctude 70010 |
inclute 7EqusLituro |

theory Relatiuizediniversalauant ficatfon
include 7softTupederns |
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inciuce wroual
1+ tp — (term — prop) — prop

S e vbd xa s P e 12l

theary Relat ivizeduniversalauent 1 cat ordd
include TRelat ivizedln versalauant i ication |
include TF0LE
Poralll ¢ (A} (0} baif = 1 F ) = V' &

F1= G #1 foralll [0 inot ba) P el
rforalle : {F} Y AF = {u) bt = P
(0,5.0,%,50] o foralle x ire€ xa |

]
ey peativzesistent skt atlon =
ek rotsrpeetare
et e
w2 e = oo = o
[ A

thesry elatvizedbistentalaant Lot om0 =

elat vizedexistentlalauant f icatfon |
inc1ude 70RO |
re ) B ban = Ex— bl e

A, 01 existst x o

st < {AFLC 3

u Fels e
< wa % @ e {q andér) |

b extstse

theary Uniauexdstent lalauant L cat on =
Incluse 7Existent ialavent 1 ication |
et casiit

Cterm — prop) — prop |4 31

theary UnigueExdstent ialauant 1 cat ontd
include 2nigqueExistentalauant ficat on |

existstniauet : (F) 61 b P x — () b Py —
Faaw =3 p |y exlststniouer 3 4 51
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(o0 b

cyirmon P (G o
FPu—txzg rn = rclng

w
> i s
]

raespace Latin:/l

fuumta urenr

theory Typediniversalguant ifcat on =
nclude 7Typecogic |

Bl : (8} (ta = prop) — orap |8 v 2

theory Typeduniversaluant ificat lonid
include 7Tupectniversalauant f Lot on |

all1 ¢ {A,F) (b tn A} b0 — b 6 P

< foratie I role Foruarahute |

theory Tupedxistent ialauant fication =
Lue TTypedLogic.
exists (8} (n # — proo) — prop ¥ 3 21

theory Tupedxistentisluant ficationto =
upedeistentlalauant ification |

exlstsT G (0P b Al P k3Pl
extstst 3 41
SMSSE (AR5 F 3P (b A} P
S b rclraedstsesl |
theory T570L =
include 7Tupeserns |
include 217 |

Lude 7Tupecuniversalauant 1 ication |
include 7Tupeceistent ialQuant ¢ icaton |

include 715F0L |
Include 71700 |

R L AL

il Thedintverseiaarific
Inciode medbeistontlaltson i cat oo |

theary 7oL
include 771
incluce 715FoL |

theory seoLto =
include 750
include L

Incluse 71sFoL0 |

[
ey srouey
inelu
mm( osiEaelies]
noteausl ¢ (A} tn A — tn A — prop

ey 42 23 prec 01

theary SFOLEQD =

e TorOLEC
incluse 2souo |

include Mupedauat it |

theary Tupeduniqueeistent faluant 1 it ion
inclue pedexistent ialauent ification |
include Mypedqualiey |
e < (A} (tn = prop) — prop | ¢

21
theory Tiniaueistentislantificationto =
ol
sttt el cstion |

[k
CagistsunkueT 5 (P T 0P X Gl ¢
i

L e

b et ¢

‘—} v e o0
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Our Running Example

nenespace ot
fimeta urin
theory iniversalauant I cat on =
incluce Tuntupentogic
forall : (tern — prop) — peop l# v 1 L 3 1
21

[]

theary Universaluuant 1flcat looidI =
inclue Aniversalauant i cation |
foralll ¢ 7} (0} b (P)) — b ¥ Pl

[]
theary Universaluuent 1f cat loohlE =
niversalduent ficat ion
foralle : (P4) F Y = b (P 0) 142 foralle
31 ote Forusrdhute |

theory Universalauant 1 icat orhd =
include 2iniversalauantificat om0t |
include 2niversalauant it icat om0t |

theory Existentialauant ificaton =
“untupedtogic |
Ctern — prop) = prop 123 1143 vt

theary Existentialauant L icat iorho1 =
include Texistent talauant 1 ication |
existsT 5 (P} P K=+ 3P |¥ exis
[

theary Exsstent alauant i cat o =
ncluge 7evisten alaent 4 cat o |

gt S S e o

~ eIy 3 eists ¢l e

> ertinationnute |

1

theary xistent alauantcat o =
include 7ExistentialQuantif icationNDI |
Incluae TEuioten e loant oot ot |

theory TF0L =
Ineluge TinL |

Before: manually kept in sync, in fact TFOL was out-of-sync

After:

@ simplified previous work

inclute 2niversalauant ifcaton |
inclue 7xistent ialauant fication |

theory TFoLD =
incluse 0L |

iversalaant 1 icat onno |
istentalauant 1 ot om0 |

theory TF0LEa =
include 7171
incluse 7Equslity |
Inclue 7universalauant if catlon |

inclue 7existent lalauent f icatfon

theory TFOLEDOD =
inclute 7rrouea
inclute 71eL0
e 7Equal o |
versalauant 1 icat onno |
Istent alauant f ot om0 |

ncluse L1
Include 7170 |
theory FoL0 =
inclute 7z70u10 |
theory FLEG =

inclue
include Equality |

theory Relativizediniversalauant ification =
1

include 7SoftTupedTerne

@ enabled more work

oux, R

in Practice

include Troceal

1L 5 9 = (tern = proo) = prop | =
S fael wbd x s e a1zl
[}

theary Relat lvizeduniversalaent 1 cat lorhd =
inclue 7Relativizediiniversalauant ificaton |
include rocemo |
rforalll ¢ (A6} (04} baf = 1 F ) = 1 V' &
F 1= (71 foralll 0 dnot ba) 7 el
rforalle : {AF} ¥ AF = fx) beth = b
1= 75,501 o foralle x inee val

theory elat lvizedexistent alauant fication =
include 7SoftTypedTerns |
incluge oeal
rexists ¢ 9 — (tern = proo) — prop | =
A RO P
[]
theory Relat ivizedExistent falQuantifscat ionte =
include
“Relat ivizedexistent ialauant ification |
include FoLeano |
reKistsT & {AF] () bR = b Fx = 138

fl-
CRHISUSE + IAFLC F 3 A — () bR

L R

> e P x (@ sndel) (q sncer) |

[}

theory Uniauexistentfaluant Lf icatlon =
Incluge Texistent lalduent i icat on
include TEquality
existstniaue : (tern = pros) = prop |4 3¢

"

theary UniaueExdstent ialauant 1 cat onto =
include Zniqueexistentalauant ification |
existstinian

— by
Fxiw) — b 3P| # eulststniouer 3 4 51
ciststniauee : (£} b3t P —

htpy—txzp =t —boled
> existstniauee 51 1

previously above human tediousness threshold
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Type Theory Features in Church & Curry

include TypedLogic

ChurchProd =4 _ x_ :tp—tp —tp

((_,_) :TAB:tp. tmA —>tmB—tmAxB

(include UntypedLogic A
tp : type
o tm — tp — type
CurryProd :<_><_ S tp — tp — tp
(,_) :tm—tm— tm

(_,_)" :HAB: tp. Ilab: tm.
(I::A—>b 1 B—)(a,b) .t AxB

Non-compositional redundancy!
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CHURCH To CURRY

s ot/ B

Sirepalr: 3,0} th A — a8 — tnAxolsa,
4 oree 5ol
Stoopi ¢ (A8 tn <8 = tnAle3 s prec

Stmopi (8,8 tn < 8= B 1A 3 ; prec
@

compute : [A,8,3:n Abitn 8] F (a,b): 2

Abstn ) b (abs 2
bl role simlityl

theary DependentProdictTaes
incluce Tiuoedteras |
Geoprod ¢ (4] (um = tp) — tp 14 % 2 prec

ol
r-ihxe i |
sisgprod = (1,8) b tn ) 81
[]

theary bepenentrroduces =

Icloe Tepmrroner o |

I
mamsa—mieles,
4 prec 5ol

theary Sispleprotuctsspand =
nclude 15inpleproducts |

expand: (8,8,u7tn A % B} F (us,ue)

theory ependenteraruc sexpand =
incLude 7Dependentproducts |
expnd: (8,0, ustn Thestn A1 B 53 (us,ue)

iy siplirotsEaonity -
include 7sirpleProsucts |
Srureh Ax 8} s = b i

[l
nry e rosctspresicatit <
“Dependentproducts |
hectn 6 B (ot b

1

inery twlafreorTses
Include 7Tupes |
e womlm e nl

test = fovtpl =

thory st ionaes +
clude we
doti's 9 o 1) = 112 prec 401
realize 7sirplerunctionTuoes |
sirfun = (,8) 1 bt 2) 81
[

inery sirslairtons
include 7siroleFunct ionTuoes |
reloe 7wneﬂ£uun 1
Simplerbia: (4,0} (186~ tn©) — tna<ols

e 01

Sircapplu: (8,83 tn A+ 8 = tn A tnelNs
o 4 prec 501

Stigbeta : (8,8,
frx

WA e K0P aX

theory DependentFunctions =

in Practice

include Toependentunct ionTupes |
incluce Tupedeaualicy |
w8 10

81655 prec a0l

depapply: 14,8 ta 18— fxi tn A} mEx |¥
3eaprecsol

destet e A Bk, K O ) 0
weeal

o8 tm 80 =t

theary Sisglerunct lonsts =
Inclue 7sinoleFunctions |
FonaFen sl

[}
theory laplructorsxersionais =
Incluse sinoleFunctions |

crne hB - atn n B (b b P 4 om) —

e ot/ 0
Fiometa v

10— tpls 12 prec sl

theory Sisplrratct
ncluce T3 ptebr ot Tes |
incuge Msstativg|
Sirsair: (081 ta - a8~ tmaxsles,
4 prec sol
Simals = tah tn 8w — tnale 35 e
wl
Siropiz ¢ (8,0t <8 = tno 1432 prec
wl

comutet ¢ {4,8,3:tm A,b:tn 6 F (a,b).

alrote sipLity |

Coute? : {8,8,a5tm A,bitn B) b 0,0z £

o1 role sinplify |

nclue 7Tup
onrod o a0 = 0187 2 e

ey bementrodiTipes <
el

w0l

Reotize imlercpes |
sireorod = [, el ol
]

theory Dependenteraruc
include mwammumwm|
include 7TupecEaual it
nclude rransoon |
air: 6.5, 0t &} tno e tniolea

S e 0l
]

theory sirplerrosuctsexpan
include 7sirpleprosucts |
expat (8,8,0rkn A < 6] F (us 2]

theory DependentproductsEspand =
inclute oependentproducts |
(88, utn Thecen A B ) b (o) &

al

irry ilaroatsexsionaiit =
e 7sirpleprosucts |
0.0 vitn 6« 8] ¢ uis

Fusl

i bt

theory DependentproductsExtensonality
Inclute 7oependentproficts

B0t Tl A8 ) (o: b uatua)

F uato congTo ©)

o=t

ihry silafreortpes =
include 7Tupes |

Before: again manually bookkept and out-of-sync
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stapfun < 19— tp = to|4 1 W 2 prec 50|
cest = (asto) 3w a - al
[

theary DependentFunct ionTpes =
Include Tiupederss |
deofun = (81 (tn A — 10) — tp | # 1 2 prec a0l
reslze Tilerintages
Simpfun = (8,81 1 b 18 6]

thery simteictions
il mnwves 1
inclue et
Sraimea: ) (18— tn8) = tnn o le
33 e wol

ool 8] a8 tna— s 3
w4 prec sol

Sirets + (0.8,
“

WA e, X G F ex

[]
ey seensentrncton
e Functonioes |

rciue hpetEasating]
o ot ) 50—
43 orec 40
neniwl! (8,03 tn 18— b tn A e I

rec 501
A
werxl
theory SispleFunct lonseta =
Include TsinolFuncions |
etar (ABFi A=) b G0 F e

ey slmlernctionbtensonsiny =
incle ilern
S (o b ron s ooy

Fesl
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CHURCH ToO CURRY in Practice

nanespace latin:/ I

fometa urLe

hry il s
ncite Thoes|

rod o 10— 1911 10 2 rec 501

theary sispleproducs
rcluce 51mpebroductTes |
inclde Tgeds |
siropaie (8]
4 prec sol
ity (a5} tn 8% = tnAle 35 orec
wl
Simplz ¢ (8,0 a8 — o143z prec
wl

Comuter ¢ {A,8,3:tm A5t 8 F (a,bls =
alole simlify

Compute? ¢ (A,8,3:m A,0:tN B b (a,b):
blrole suplity|

ey Dottt

include TiupedTeras |
dtorad - o om 8 = 101 = 018 £ 2 orec

w0

realize 7stoleproctpes |

Stopprod = [ T [x: tnél 8]

theory oependentrroducts
inchuie emdrrrooxct s |
incluce Tuoedeaualies |
ncluce Transsons

depcairs (6,8, 3t tn A} tmBa— taieles,

A tmE—tmAcalea,

]
theory sipleroductsexpang
include 7sirpleprosucts |
expand: {8,0,urtn A« 8)  (us,us)

theor DependentproductsExcan
irlue mepedenersics |
e it Thectn A8 b ()

tnery ilarroatsexsionaii =
e rilarroscis |

extens (Dot < ) F vt = b

b uatlp congTo B)2us = b uey

include
sirfun < 9 — tp = tpl# 1 5 2 prec 5o
test = (ortol @ o= o

theory Simplefunct ionTupes
Types |

ity bt Loroes
el
S plenzmeal
o S
theory simpleunctions.
inclute 7Sirplefunct ionTuoes |
include TypecEquality
Staplasbia: (4,8 (tah— tn8) = tna-5ls
23 prec a0l

Stmpapoly: (A8} tn 68— tna = nBle3
a4 prec 501

Sirotets ¢ (1,8,F
sexl

A= tnE, xR X

theary DependentFunct o
Tncluoe ToependentrunctonTes |

) me 0 —
3 prec 401
(88} B = fxs m Al B |

FIBBFlem A m Bk, X P 0

theary sisplerunct lonseta =
include impleFunctions |
etar (ABFinA B GBI F 8 2 F]
ey Simlernctiorsexenonsies *
incluce TSimpleFunt
et (B n 1 (G
]

brne s o —

nanespace latin:/
fiameta urinLr
theory SoftTupedProducts =
Toeuce e |
Inlue o pedkunlital
rnlo 1, 2 prec 5ol

pi ¢ term — tern|# 1 5 prec 601

p12 ¢ torm — tern| # 1 2 prec 601

(2,00 + (a,b)s 2 a role simlifyl
fael + b, 2 B

theory SofTupecsinolepradiets =

incluce
inclute
fun_tuping
@b taxal

theory Sof toependentProduct Tupes =
FeTapedterns |
p— (tern— to) = tole T

theory Sof TupedDependentproducts =
include 7sof tTupedTerne |
irelue ot Tt

oo riumr,nes 1
)+ ot — ¢ BB a) = b

theory Sof Tupederaruc sExpand =
include 7sof Topedproducts |
expond: {0} b (u.2) 2

theory Sof Tupederoductsxts
Include 7SofTupedprotucts

nsionality
I

theory Sof DependentFunct LonTupes =
include 7softTupedTerns |

Before: again manually bookkept and out-of-sync
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Softiun

ey sofTiednctions

i luce 7

W~ elanie

nciude T Tpeckauatity 1

— ternl# » Lprec s0]

tern — tern — tern| # 18 2 prec 50
exarnl

Lanod:
apply
teta

[

theory SoftTupeds o
750 Tupecter

theary SofTypedbependent

Include

Ineluse TsoftTupearunct

Incluse

750t

e

&

—baren

ons |
t0spendentrunct lonTupes |
[

arerns |

te

sl

theory Sof TupetFunct on

theary Softtypedrur
irche TsottTipearunctions

Rt

o

include 750t tTupedFunct ons |
1t G Fl

w0 — 1 Fisl
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CHURCH ToO CURRY in Practice

Stagprod : 10— 10 = ol # 12 prec 5ol
[

theary Sispleprotucts =
Ineluse 7simoleproducsTupes |
inclue Medtauality |
Sireoair: (1,6) tn A — a8 = tnAx8le3,

4 prec 5ol
Staoplt : (4,8 tn A 8= tnAl#3 s prec

R R LI P

Compute ¢ (A,8,3:00 A0:t0 81 | (ab)s

ol ole imlital
Compute? ¢ (A,8,3:tn A,bitn 8 | (bl +

blrole ;mwl
theory DependentProduct Tupes =

incluce 7
Geoprod ¢ {4} (tn = t9) = tp |4 2 prec

Chorod = o = 0

sssitroetToes |

ael

theory pepmaentrod
chte TepenientProsutTpes |
il

depcain: (6,0, 3t th A} B e twiolea,

S aomee wl

[
theory Simplefroductsxpand =
elude Sirpleprocucts |
evpont: (A,8,u:tn A< 8} b (Uaue) & ul

theory DependenteroductsExpand =
Lude 7oeperdentproducts |
expand: (8,6, uitn Tlxctm A 83 b (us,us) *

theory simplerroductsestensional ity =
include 7Sirpleprocucts |
exten: (A8.uvitn A % 8] gty = b usius —
bl
theory Dependenteraductsextenslonality =
Lude 7oependentproducts |
exten: 18,6,0,v:tn Thxrtn A 83 for F uasus]

F uato congn ©)

—

thory simlerictiorts -

include 7Tupes |
St {15 tp = a1 1 3 2 prec 501
test = foctol a2 - al

theory ependentFunct fonTupes =
include 7Typecterns |
8] (tn A — tp) = tpl a2 prec 0l
realize 7sirelerunctionTuoes |
sirefun = (1,80 1 L tn 8] B
[l

theory sirplefunct ions
Inclute 7sirolerunct lonTuoes |
inclute 7TupecEauality
Simglada: (4,8) (136~ tnE) — tna= sl

29 prec 401

Stroapolu: () 88— A= tmolea

Fitnd—ns, X bR 8

theary bependentFunct o
incluce Toependentunct onupes |
include Typedeauality |
deolaneca: (8,03 (ix: 8 6] tn B0 — tn

3 prec 40l
ceopola oy 18—t tn 81 w8 x 18
384 precsol
desbeta ¢ (8,071 btn A} Bk, 3 F () @
weeal

theory SispleFunct lonseta =
Incluse TsinolFunctions.

[ S |

[]
theory SispleFunct lonsExtenstonal ity
Incluse 7sinoleFunctions.
exten: (A,8,5,0:t8 0~ B} (] F F
+esl

a0 —

Before: again manually bookkept and out-of-sync
After: consistent knowledge

(FAU Erlanger

Niirnberg)
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More Examples

Generalizations:
@ variants of TYPIFY

@ transforming models into Kripke models

Logic Translations: e.g. modal logic with axioms in Sahlqvist form to FOL

first talk today
Elimination of...

@ ..lambdas when translating HOL to FOL
@ ..subtyping when translating between type theories

@ ..in general of features occurring in non-compositional logic
translations
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More Examples

Generalizations:
@ variants of TYPIFY

@ transforming models into Kripke models

Logic Translations: e.g. modal logic with axioms in Sahlqvist form to FOL

first talk today
Elimination of...

@ ..lambdas when translating HOL to FOL

@ ..subtyping when translating between type theories

@ ..in general of features occurring in non-compositional logic
translations

Universal Algebra: compute generic constructions like

@ homomorphisms e.g. Group > GroupHom

@ substructures and more
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Conclusion: Foster Modularity by Meta-Programming

Summary
@ Diagram operators serve as meta-programming facilities

e decreasing redundancy
e increasing coherence across related formalizations

@ Linear operators are tradeoff between unrestricted computation and
compositionality

o Lifting ensures scalability to large diagrams

@ Many examples in logic translations

Future Work
@ implementation of more operators

o feasibility of static typechecking of operators
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Further Pointers |

to our systems and libraries

Extended abstract for these slides: [RR20]
OMDoc/MMT Language and Representation: [Rabl7; RM18]
MwmT System: [MR19; SR19; Rab13]

Our archive for case studies: available at [LATIN]; description of
previous version at [Cod+11]

[Cod+11] Mihai Codescu et al. “Project Abstract: Logic Atlas and Integrator (LATIN)". In:
Intelligent Computer Mathematics. Ed. by James Davenport et al. LNAI 6824.
Springer Verlag, 2011, pp. 289—291. 1SBN: 978-3-642-22672-4. URL:
https://kwarc.info/people/frabe/Research/CHKMR_latinabs_11.pdf.

[LATIN] LATIN2 — Logic Atlas Version 2. URL: https://gl.mathhub.info/MMT/LATIN2
(visited on 06/02/2017).

[MR19] Dennis Miiller and Florian Rabe. “Rapid Prototyping Formal Systems in MMT: 5
Case Studies”. In: LEMTP 2019. Electronic Proceedings in Theoretical Computer
Science (EPTCS), 2019. URL:
https://kwarc.info/people/frabe/Research/MR_prototyping_ 19.pdf.
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Further Pointers I

to our systems and libraries

[Rab13]

[Rab17]

[RM18]

[RR20]

[SR19]

Florian Rabe. “The MMT API: A Generic MKM System". In: Intelligent Computer
Mathematics. Ed. by Jacques Carette et al. Lecture Notes in Computer Science
7961. Springer, 2013, pp. 339-343. 1SBN: 978-3-642-39319-8. DOL:
10.1007/978-3-642-39320-4.

Florian Rabe. “How to Identify, Translate, and Combine Logics?"” In: Journal of
Logic and Computation 27.6 (2017), pp. 1753-1798.

Florian Rabe and Dennis Miiller. “Structuring Theories with Implicit Morphisms”.
In: 24th International Workshop on Algebraic Development Techniques 2018. 2018.
URL: https://kwarc.info/people/frabe/Research/RM_implicit_18.pdf.

Navid Roux and Florian Rabe. “Diagram Operators in a Logical Framework".
Extended abstract. 2020. URL:
https://1fmtp.org/workshops/2020/inc/papers/LFMTP_2020_paper_9.pdf.

Yasmine Sharoda and Florian Rabe. “Diagram Operators in MMT". In: Intelligent
Computer Mathematics. Ed. by Cezary Kaliszyck et al. LNAI 11617. Springer,
2019, pp. 211-226. DOI: 10.1007/978-3-030-23250-4.
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